Renormalization and disorder : a simple toy model

Bernard DERRIDA
Collége de France and ENS , Paris

16th Granada seminar 2021

Granada June 7 2021



References

B. Derrida, M. Retaux
Journal of Statistical Physics 156, 268-290 (2014)

X. Chen, V. Dagard, B. Derrida, Z. Shi
Journal of Physics A 53, 195202 (2020)

B. Derrida, Z. Shi
Moscow Mathematical Journal 20, 695-709 (2020)

X. Chen, V. Dagard, B. Derrida, Y. Hu, M. Lifshits, Z. Shi
Annals of Probability 49, 637-670 (2021)



The Poland Scheraga model

Model of DNA denaturation

<ol o o



The Poland Scheraga model

Model of DNA denaturation

<ol o o

Model of depinning

/\/\/\/\/\/\




The Poland Scheraga model (1966)

> the contact energy at position i is €;
» the weight of a loop of length n is
n

S
w(n) ~ e

6i1+€l-2+...

ZL:Z Z w(ia—i1) -+ w(ik—ik—1)exp s

k>2 1<ip--<ig_ <L

Note that one can always choose s=1

€

k



Main message

» Poland Scheraga + disorder

A phase transition of the Berezinski Kosterlitz Thouless type

Tang, Chaté 2001
Monthus 2017
Strong disorder = infinite order transition

» A renormalization equation

D, Retaux 2014

OR(x,T) OR(x,7) 1 [* B
5 = ox + 2/0 R(x1,7) R(x — x1,7) dx1




The renormalization group

o, ...

Renormalization transformation

Look for the fixed point  (p*,---) = Rp(p*--)
Linearize Ry, near the fixed point  (p/,---) = Lp(p---)

= Critical exponents and universality
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Collet, Glaser, Eckmann, Martin 1984
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The toy model

Collet, Glaser, Eckmann, Martin 1984
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X1 = max[ XM 4 X 1 0]
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Renormalization

Xpp1 = max[ X + X&) — 1 0]

n

Exact renormalization (special case X, are integers)

Po(X) s given : P, —  Pp

P,(X) depends on an infinite number of parameters
Define the generating function  H,(z) =Y, Pa(X) z¥
Hy(2)* — Ha(0) 2
Hpi1(z) = + H,(0)

z




A few facts
Xnt1 = max[X,Sl) + stz) —1,0]
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H,H_l(Z) = 2 + Hn(O)
1. A phase transition
Collet, Glaser, Eckmann, Martin 1984
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A few facts
Xnt1 = max[X,Sl) + X,Sz) —1,0]

Hn(2)? — Ha(0)?

Hni1(2) = 2 + H,,(O)2
1. A phase transition
Collet, Glaser, Eckmann, Martin 1984
R(X)
Ho(Z) =1-\+ )\22
F | - 1
or example 1-A N Ae = =
5
| A
0 2 X

2. A one parameter family of fixed points

3. None of them is accessible (P*(X) is not positive)

S

. A phase transition of the Berezinski Kosterlitz Thouless type



Main question
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Main question

Xny1 = max[X,Sl) +x? -1 , 0]

What is the limit Y of %

'DO(X) = 5X,u PO(X) = (1_)\) (5)(70 + )\(5)(7#
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Main question
Xpi1 = max[ XV + X2 —1, 0]

What is the limit Y of %

Po(x) = 0x—p Po(x) = (1=X) 6x + Adx_p

/

1 u Le I

Y Y

Y plays the role of the free energy



The critical behavior

— X
Xop1 = max[ XY + X — 1, 0] Hn(2) = XX: Pa(X)z

A phase transition given by |2H'(2) — H(2) =0

Collet, Glaser, Eckmann, Martin 1984
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The critical behavior

— X
Xop1 = max[ XY + X — 1, 0] Hn(2) = XX: Pa(X)z

A phase transition given by |2H'(2) — H(2) =0

Collet, Glaser, Eckmann, Martin 1984
RX)

Ho(z) =1— X+ A22 = Ae = —

2H'(2) - H(2) = A — A




The critical behavior

Xpy1 = max[ XY + X —

A phase transition given by

RX

1, 0]

2H'(2) — H(2) = 0

X

Ha(z) =) Pa(X)2*

Collet, Glaser, Eckmann, Martin 1984

1 1
. Ho(z) =1— X+ A22 = )\C:g
2H'(2) - H(2) = A — A
A< A A > Ae
X
lim < ,'7’> -0 lim @:exp A
n—oco 2 n—oo 2N VA=A

D-, Retaux 2014




An essential singularity 7

(Xn) A
lim ~——~ ~exp |— <~ | log
n—oo 2N PO
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A power law singularity ?

(Xn)
2n

X
x(A=A)? & log <2:> ~ ylog(A — A¢)

6.5 -6 =55 =5 -4.5 -4 -3.5 -3 -2.5

log <)2<—n"> versus  log(A — \¢)



What is proved

Chen Dagard D. Hu Lifshits Shi 2018

Initial distribution Py(X) = (1 — A\)ox + AQ(X)

C

Particular case:  Q(X) ~ Ya oxX

» If Q(X) decays fast enough (o > 4) then A\ > 0 and

lim (Xn) = ex —;
n on p ()\ B )\C)%J,-o(l)
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What is proved

Chen Dagard D. Hu Lifshits Shi 2018

Initial distribution Py(X) = (1 — A\)ox + AQ(X)

C

Particular case:  Q(X) ~ Ya ox

» If Q(X) decays fast enough (o > 4) then \. > 0 and

< > 1

» If2 < a<4then \c >0

X 1 o
W oon TP T A )| M YT

> If @ <2then A\c =0 (because H'(2) = o0)



A 77 special 77 family of initial conditions

D., Retaux 2014
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A 77 special 77 family of initial conditions

D., Retaux 2014
Py(X)=2"%¢ R(eX,en) for X >0

and

Pn(O) =1- ZXEI Pn(X)

then one can show that for \ small

OR(x,7) OR(x,7) 1 [*
9 ox + 2/0 R(x1,7) R(x — x1,7) dxy

Still a difficult problem

Criticality

/R(X,T)xdx =1

0



6Rg7(_,7) _ GRS;T) . ;/OX R(x1,7) R(x — x1,7) d
For
R(x,7) = A(1) exp[—B(7)x]
one gets
g = —B(r)A(r) dr 2

Kosterlitz Thouless renormalization



OR(x,T) _ OR(x,T)

or ox

1

2

/ R(x1,7) R(x — x1,7) dx
0

For

R(x,7) = A(1) exp[—B(7)x]

one gets

dB(t) A7)

dr 2

Kosterlitz Thouless renormalization

R(x,T) = 4—

sin

k2

(k(r +70))2 “P | tan(k(r + 70))

2k x

(k — 0 is the critical case)




Other solutions

OR(x,7) OR(x,7) 1 [~
- W + 2/0 R(x1,7) R(x — x1,7) dx

Physical solutions

with

B A dA; ' AiA;
dr 2




Scaling solutions

OR(x,7) OR(x,7) 1

5 = oy + 5/0 R(x1,7) R(x — x1,7) dxq

Scaling solutions along the critical manifold ([ R(

1 X
- 5 ()
(x.7) 72 T
» R(z) =4e %
» Other scaling solutions
R(x) ~x~* for x — o0
Laplace tranform: R(p) = [;° R(z) e P?dz

y'(p/2)
y(p/2)

7€(p)zflfpf/o

where y is a Bessel function solution of
132
p’y" + py’ <p2 +(2%5) )y =0

X) X dX = 1)



Phase transition in the Poland Scheraga model

1
m W(n) ~ F
i i i 2

€y + €y + 1€
7 =) > w(iz —i1) - w(ik — ik—1) exp {—%}

k>2 1<ip--<ij_,<L

The free energy F; = log Z;. In the thermodynamic limit
F
fo = lim “L
L—oo L

» T>T., fo=0 the unpinned phase
» T<T. fu>0 the pinned phase
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Phase transition in the pure case €; = €

1
m w(n) ~ —
i i i iy

» T, is known

» For ¢ > 2 the transition is first order

fo~(Tc—T)

» For 1 < ¢ < 2 the transition is second order

fo~ (Te— T)e1

» For ¢ < 1 no transition



A short list of results in the disordered case
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> Irrelevant case (1 < ¢ < 2) and weak disorder :
uenched led
Tél — Tgnneae

same critical exponent as the pure case
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Tauenched _, rannealed 5nd bounds on the difference
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A short list of results in the disordered case

Alexander, Giacomin, Lacoin, Toninelli 2008 —

> Irrelevant case (1 < ¢ < 2) and weak disorder :
uenched 1
Tél — Tgnnea ed

same critical exponent as the pure case

» Marginal and relevant cases (3 < c):
Tauenched _, rannealed 5nd bounds on the difference

Giacomin, Toninelli 2006
The transition is always smooth

Tang, Chaté 2001
Strong disorder = infinite order transition

D, Hakim, Vannimenus 1992

Tguenched _ Tgnnealed .

In the marginal case, is exponentially small
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The hierarchical lattice

> L = 2"
» all loops have lengths 2% with k =1,2,3,---

> Zl(i) = exp [—6—_"_}

zZMz? 4 b -1
b

Lo =

F
F, =log Z;, i fo = lim L

Llooo L

fso > 0 is the pinned phase ; fso = 0 is the unpinned phase



The hierarchical lattice in the pure case (for 1 < b < 2)

Second order transition :
log b

1 .
fOON(TC—T)‘:71 Wlth C:2—@

The hierarchical lattice with disorder

» Effect of a weak disorder:
Harris criterion (1974) = disorder is relevant if ¢ > %

» For c = % disorder is marginal relevant



The hierarchical lattice in the pure case (for 1 < b < 2)

Second order transition :

|
fom (To—T)2T  with c=2— 08P
log 2

The hierarchical lattice with disorder

v

Effect of a weak disorder:
Harris criterion (1974) = disorder is relevant if ¢ > %

v

For ¢ = % disorder is marginal relevant

v

Can one locate the transition?

What is the nature of the transition?

v



The hierarchical lattice (X, = log Zon)

251)252) +bh-—-1
b

Xot1 =G (Xrgl) JrXr(lz)) e g
with

G(X) = X +log (1+(bl)e—x>

b



The hierarchical lattice (X, = log Zon)

251)252) +bH-1

=G () o = 2

with

G(X) = X +log (H(bbl)e—X)

The toy model

GX)°
Xps1 =G (x’gn +X’52)) 1 |
with | 7
G(X) = max(X, —a) jf |

o



Conclusion

» Analysis of

OR(x,T) OR(x,7) 1 [*
5 = ox + 2/0 R(x1,7) R(x — x1,7) dx

» Going back to the hierarchical model

» Going back to the Poland Scheraga model



