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We suggest a new asymptotic representation for the quantum averages: (1)

〈i, t,x0; ~〉 =
∫
Rn

xi |Ψ(x, t,x0; ~)|
2
d nx with position variable with well local-

ized initial data,i.e.〈i, 0,x0; ~〉 ≃ x0i, i = 1, ..., n.such quasiclassical asimptotic
very important from point of view of the ”quantum jumps” problem, well known
in modern quantum mechanics.The existence of such jumps was required by
Bohr in his theory of the atom. He assumed that an atom remained in an
atomic eigenstate until it made an instantaneous jump to another state with
the emission or absorption of a photon. Since these jumps do not appear to
occur in solutions of the Schrodinger equation, something similar to Bohr’s idea
has been added as an extra postulate in modern quantum mechanics. The
question arises whether an explanation of these jumps can be found to result
from a solution Ψ (x, t,x0; ~) of the Schrödinger equation alone without ad-
ditional postulates.The canonical physical interpretation of these asymptotics
shows that the answer is ”yes”,see also [1].

Theorem.Let Ψ (t,x) be the solution of the Schrödinger equation in R
n with

initial data: (2) Ψ (0,x) ≃ δ (x− x0) and potential V (x, t) .We assume that
V (·, t) : Rn → R is an polynomial function in variable x =(x1, x2, ..., xn),i.e.V (x, t) =

∑
‖α‖6m gα (t)xα, α = (i1, ..., in) , ‖α‖ =

∑
r ir, i = 1, ..., n, xα = xi1

1
xi2
2
...xin

n .Let

u (τ , t,λ,x) = (u1 (τ , t,λ,x) , ..., un (τ , t,λ,x)) be the solution of the linear dif-
ferential boundary problem: (3) d 2u (τ , t,λ,y,x) /dτ2 =Hess [V (λ, τ)]uT (τ , t,λ,y,x)+

V′ (λ, τ)
T
, u (0, t, λ,y,x) = y, u (t, t, λ,y,x) = x.Here y,x ∈ R

n, λ = (λ1, ..., λn) ,

uT (τ , t,λ,y,x) = (u1 (τ , t,λ,y,x) , ..., un (τ , t,λ,y,x))
T
,V′ (λ, τ) = (∂V (x, τ) /∂x1, ..., ∂V (x, τ) /∂xn)x=λ

and Hess [V (λ, τ)] the Hessian of the function V (·, τ) : R
n → R at point

x = λ, i.e. Hessij [V (λ, τ)] =
[
∂2V (x, τ) /∂xi∂xj

]
x=λ

.Let S (t,λ,y,x) =
t∫

0

△̃ (u̇ (τ , t,λ,y,x) ,u (τ , t,λ,y,x) , τ) dτ where △̃ (u̇ (τ) ,u (τ) , τ) =mu̇2 (τ) /2−

V̂ (u (τ) , τ) , V̂ (u (τ) , τ) = [V ′ (λ, τ)]uT (τ)+1/2u (τ ,λ)Hess [V (λ, τ )]u
T
(τ) .

Let ycr (t,λ,x) be solution of a system of equations:ycr (t,λ,xcr
) + λ− x0 =

0.We assume now that: for a fixed t,x
0
and λ point xcr (t,λ,x0

) does not

1



focal point on the trajectory, given via solution of the linear boundary prob-
lem (3).Then for any Colombeau solution of the Schrödinger equation with ini-

tial data (2) the inequalities is satisfied: (4) lim inf~→0 |〈i, t,x0; ~, ε〉 − λi (t)| ≤

|ûi (t,λ (t) ,x
0
)| . We note that one recognized quantum trajectories xq (t) =

(xq
1
(t) , ..., xq

n (t)) as limit xq

i (t) = lim~→0 〈i, t,x0; ~, ε〉 .By using inequalities
(4) we obtain quantum trajectories as solution of a system of master equa-

tions : (5) ûi (t,λ (t) ,x
0
) = 0, i = 1, ..., n.Let us consider one dimensional quan-

tum anharmonic oscillator with a cubic potential,supplemented by an additive
sinusoidal driving i.e.V (x, τ) = mω2x2/2 + ax3 − bx − [A sin (Ωτ)]x.In this

case master equations reduces to a single equation (6) d (λ)

(
cos (̟t)

̟
−

1

̟

)
+

A [̟ sin (Ωt)− Ωsin (̟t)]

̟2 − Ω2
−λm̟ cos (̟t)+m̟ cos (̟t)x0 = 0, d (λ) = mω2λ+

3aλ2 − b,̟ (λ) =
√

2 (ω2/2 + 3aλ/m), ω2/2+ 3aλ/m ≥ 0 (see [2]).
References
[1] A.A.Broyles,Nature of quantum jumps,Phys.Rev.A 45,4925–4931(1992).
[2] J.Foukzon,A. A.Potapov, S.A.Podosenov,Exact quasiclassical asymptotics
beyond Maslov canonical operator.
http://arxiv.org/abs/1110.0098

2


